In this paper we study some functionals operating on the set of the n-copulas defined on [0,1 ]n. Conditions under which such functionals are well defined are determined and some counterexamples are described. The study of the fixed points (n-copulas) for these functionals is also considered, and, finally, some open problems are presented.
study of the functionals defined on the set of copulas. In section 4 we consider the case H* H and in section 5 we study the copulas that are fixed points for these functionals. Section 
(z Zn)
if z x for an odd number of i's. and the sum in (2.1) is extended to all vertices of N. Now, let us consider the definition of n-copula due to A. Sklar in 1959: Definition 2.1. A n-dimensional copula or, briefly, a n-copula is a function C from [0,1 ]n into [0,1 that satisfies the following conditions:
(i) C(1 ,l,xi, ,l)=x for every such that _< i_< n and every xie[0,1].
(ii) C(x x n)--0 if x i=0 for someiwith l_<i_<n.
(iii) C is n-increasing.
Some easy examples of n-copulas are the functions II, M and W respectively defined by H(xj, x 2
x,) x.x2 x, M(x, x 2 x n) Min (x, x_ x,) W(x, x2, x n) Max (x+x2+...+xn-n+l,0) and while H and M are always n-copulas, W is a copula only when n 2. It is easy to show that copulas are uniformly continuous functions and that they are increasing in each variable. Also, any copula C satisfies that W(x, X 2 Xn) _ C(Xl, X 2 Xn) _ M(Xl, x2, Xn) for every (XI, X 2 Xn) e [0,1 In.
The fundamental result in the theory of copulas gives us an idea of the importance of a copula, because it is shown that a copula is a function relating the joint distribution function of a random vector with its marginal distribution functions. Namely, the key result in the theory of copulas asserts as follows: THEOREM 2.2. Let X, X 2 X n be n random variables defined on a common probability space and let FI, F 2 F n and G be the marginal distribution functions and the joint distribution function respectively. Then, there exists a n-copula C such that G(t, 2 n) C(F(t0, F2(t2) Fn(tn)) (2.2) for every t, 2 R. The copula C is called a connecting copula of X, X 2 X and, if F 1, F F are continuous, then C is unique. Other'ise, C is uniquely determined on (Ran FI) x (Ran F 2) x x (Ran Fn).
As a consequence of Theorem 2.2 we can observe that the connecting copula of n random variables is a function that contains all the information about the dependence of the random variables. This is one the reasons for proposing measures of dependence for random variables in terms of the connecting copula. (See Schweizer and Wolff [4] [5] and Wolff [7] .
The following result is a consequence ofTheorem 2.2. THEOREM 2.3. Let X l, X X be n random variables defined on a common probability space and having continuons marginal distributions functions. If C is the connecting copula, then (i) C II if and only if X l, X X are independent. (ii) C M ifand only ifeach random variable X i, l, 2 n is an increasing function of the other ones.
(iii) For n=2, C =W if and only if each random variable X.(i 1,2) is a decreasing function of the other one. The cases (ii) and (iii) correspond with total and positive, and total and negative dependence of the random variables, respectively.
More results and applications can be found in the abovementioned works and also in the book "Probabilistic Metric Spaces" by Schweizer and Sklar [3] , where a whole chapter is devoted to the theory of copulas. Now, our interest is to study some functionals operating on the set of the n-copulas. These functionals have to be well defined, that is to say, we have to determine the conditions under which the functionals map copulas into copulas.
THE FUNCTIONALS.
Let C be any n-copula, and let P be a fixed n-copula. We consider the functional defined for any n-copula C as follows C*(Xl, x Xn) h.P(Xl, x 2 Xn) + (l-h) f(xl, x 2 x n) First of all, we want to study conditions for the functions f, a l, a; a which assure us that C* is a n-copula for any n-copula. Later, we will consider the case II* H and we will study the fixed points for these functionals, that is, the n-copulas C such that C C o.
If h 1, then C* P for any n-copula C and it is a trivial case. From now on, we will consider h [0,1). In the next result we study conditions on f, a 1, a 2 a wich ensure that C* satisfies conditions (i) and (ii) of definiton 2.1 for any n-copula C. LEMMA 3.1. Let C* be as defined in (3.1). For any n-copula C the following statement is true: 
and since h we get the desired expression for f.
In the other direction, let us suppose that fix Xn) X X C(Gtl(X X n) Gtn(X Xn)) for any (x x n) E [0,1 ]n such that x x xj for some j, _< _< n. In this case we get C*( x x n) ..P(x x n) + (1-.). x x which completes the proof. Now, we want to find conditions on f and a l, a 2 a independently of the copula C, which are necessary and sufficient for C* to satisfy conditions (i) and (ii) of definition 2.1. From now on, we will denote by the unit interval [0,1], and n [0,1]n. Also 
and the result is proved.
3. Let C* be as defined in (3.1). Then the following statement is true:
For every n-copula C, ). PROOF. Let C* be satisfying (i) and (ii), in particular for C II and by using lemma 3.1 we get (iii). Also, by hypothesis II*. and M* are in the conditions of proposition 3.2 and (iv) is obtained. In the other direction, let us consider (0, x 2 x n) E J, then by (iii).
an(0, x2, x n )) and by (iv) we have C*(0, x 2 xn) 0. The remaining cases can similarly be proved. Lemma 3.3 states necessary and sufficient conditions for f and a, a 2 a in order to have C* satisfy (i) and (ii) of the which definition of n-copula C. It only remains to study conditions guarantee C* is n-increasing. The theorem provides the solution for this problem. THEOREM 3.4 . Let C* be as defined in (3.1 ). If f(x xn) is n-increasing, (iii) and
(iv) on proposition 3.3 are satisfied, and either one of the two following conditions hold:
(v) Every function depends solely of one variable, which is different for each . All ai's are monotone but the number of them that are decreasing, is even.
(vi) There exists one variable xj (l < < n) such that none of the functions depends on xj then, SOME FUNCTIONALS FOR COPULAS 49 1) C* is a n-copula for every n-copula C.
2) If C < C 2, then C*< C2".
PROOF. Let us suppose that (v) is satisfied. By applying lemma 3.3, since (iii) and (iv) hold, we have for C* the conditions (i) and (ii) of definition 2.1. It only remains to prove that C* is n-increasing. Let N [(a an),(b bn)] be a n-box, N C n. We have to show that
where the sum is extended to all vertices of N. Suppose that, by (v), Gt only depends on x for 1, 2 n. Then, by taking into account that P is a n-copula and f is n-increasing, (3.2) is equivalent to proving that
Let c (c, c c n) be given by c Gti(ai) if ct is increasing and c oti(bi) if ai is decreasing, and d (d, d E ti n) given by d ti() if 0t is increasing and d cti(at) if tx is decreasing. Clearly N [c,d] is a n-box on [0,1] and for every vertex (z, z z of N, we have (ZI,Z Zn)= (GtI(ZI), GtE(Z2) Ctn(Zn)).
Gtn(Zn) _> 0 which is satisfied because C is a n-copula. Therefore C* is a n-copula.
Let us suppose that (vi) holds instead of (v). Now, C* will be n-increasing if we prove that . (ZI, Z 2 Zn). C(l(Z Zn) n(Z Zn) >_ 0
Suppose, for dxample, that none of the ai's depends on x, then )-'. (ZI Z 2 Z n) C(GtI(Z Z n) Ot.n(Z Zn)) E E(al, Z 2 Zn). C It is obvious that if C _< C 2, then C* _< C2".
COUNTEREXAMPLE. It seems reasonable to think that conditions (v) and (vi) in theorem 3.4 could be too strong. This is not the case, and to illustrate this, we give the following counterexample which shows us that either one of those hypothesis are needed. Let C*(x,y) be 
THE CASE II* H.
Once we know the conditions for C* being a n-copula, we are interested in the study of the particular cases in which the n-copula H remains fixed, that is to say H* II. The theorem provides the solution for this problem: (ii) (iii). By substituting f in the general expression of C* we have (iii).
(iii) (i). If we put C II in (iii), we get II* H. We observe that C* in (iii) can be seen in the general form (3.1) where P II and f is given by f(x xn) x x lal (xt Xn) for every (Xl xn) n. We will use this i=l fact to prove the following result: (1 _< _< n) such that none of the functions i depends on x, and for every (x x) J there is some k, < k _< n, such that I (xt, ...,xn) Ctk(X Xn), then i=l 1) C* is a n-copula for every n-copula C.
2) II* II.
3) For every n-copula C, C _> II C* _> H and C _< H C* _< II. PROOF. Since C* has the general form (3.1) where P II and f(Xl Xn) Xl Xn (Xi (Xl   Xn) and by using the second hypothesis of the functions 0q, we can apply lemma 3.3 and therefore C* satisfies conditions (i) and (ii) of definition 2.1. In order to be able to use theorem 3.4 which assures us that C* is a n-copula, it is enough to show that f(xi x n) is n-increasing. and C* is a n-copula. By theorem 4.1, it is clear that II* I1, and the proof of 3) is obvious.
REMARK. We can observe that hypothesis (v) of theorem 3.4 does not work in theorem 4.2. Let us suppose, for example, that cx only depends on x for 1, 2 n, and the number of functions that are decreasing is even. In this case we have that E (z Zn). C(c(z) n(Zn)) >-0, and in order to assure that C* is n-increasing we have to prove that f is n-increasing, that is to say, 5. FIXED COPULAS. Now, we are interested in finding these copulas that remain fixed for the functionals we are studying. First, we consider X z (0, l) and then we will see in next theorem that the answer for this problem is the existence and uniqueness of a n-copula C such that Co* C o. THEOREM 5.1. Let C* be as defined in (3.1), and Xe(0,1).
If f(x x n) P(x Xn)-P(tXl(X Xn) 0tn(X Xn)), then C*=C C=P.
PROOF. Let II C-PII sup C(x x)-P(x xn) I. Then PROOF. From theorem 5.1. (i) is unisspelled. For proving (ii) it is enough to see that ]ICR-Pl[ <_11-X .] lc-P[I and therefore when n increases the n-copula Cn isasclose as we wish to the n-copula P.
The result gives us the relationships between the unique n-copula that is f'Lxed for a functional, and the functional itself. 52 A. ALSINA, A. DAMAS AND J.J. QUESADA COROLLARY 6.3. Let C* be as defined in (3.1) with % %o e(0,1), and let C be any n-copula. The following conditions are equivalent:
(ii) C*(Xl Xn) Co(X Xn) + (1-o)" C(a a n) Co(a an) ].
(iii) Co* C and C is the only n-copula that is fixed for this functional. The results presented in this paper are interesting in their own right, and lead us to several open problems. A brief descriptions of some of them follows. First, let F l, F 2 F be the marginal distribution functions of a random vector and let F be its joint distribution function and let us suppose that C is a connecting copula associated with F. If C* is the n-copula that we obtain when applying the functional defined by (3.1) to C, then the problem is to find the relationships between F and F*, where F* is the joint distribution function of a random vector having FI, F2 F as marginal distribution functions and C'as a connecting copula. In short, the problem consists in finding the relationships between the joint distribution functions with connecting n-copulas C and C*.
Another problem is to generalize the functional in the sense that the one defined here could be seen as a particular case. We observe that if we consider C(x x n) X.P(x x n) + (I-X). f(x Xn)-C(a a n) 1, Therefore,
Co(a an) 1-X and by substituting in the expression of C* we obtain (ii).
(ii) (iii). We can write (ii) in the following way C*(X Xn) )%o.Co(Xl Xn) + (1-Xo Now we will study conditions under which the functional will have the property that C** C for every n-copula C. The result gives us conditions for a , a a in particular cases of C* where that property holds.
PROPOSITION 5.4 . Let C* be given by SOME FUNCTIONALS FOR COPULAS 53 then similar properties and results for this functional can be shown. In any case the problem is to extend these two cases to a more general functional.
It would also be very interesting to study the copulas that we obtain when applying the functional to some known copulas.
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